IFLST 5 Relations

5.1 Establish the properties of the following relations writing sign ”+” (yes) or ”’-” (no) in the appropriate
places of this table:

reflexive | symmetric | transitive | antisymmetric | antireflexive

HO|2|QIR | QT ||| |=|—|IN|A|A |

where the field of =, #, <, < is N,

the field of C is the powerset of N,

| is a relation of divisibility in N — {0}.

1 and || stand for perpendicularity and parallelity between straight lines on the plane, respectively.
() is an empty relation,

F' is a full relation,

R, S, U stand for the following relations in the set of all people.

xSy & x is a son of y, tDy < x is a descendant of y, tGy < x and y have a common grandmather,
rAy < 2|x +y where x,y € Z,

xBy < 3|x + y where x,y € Z

xCy < 3|x —y where x,y € Z

My < n|r —y where z,y € Z and n € N is fixed

xDy < xy = 4 where z,y € R

rFy < |z] = |y] where z,y € R



5.2 Let A = {a,b,c,d,e} and R = {(a,a), (a,b),(b,c), (b,d),(a,d),(c,d), (e, e),(a,c),(e,d)}. Draw a
graph of R. What are the properties of R. How to modify R to make it reflexive, transitive...

5.3 Determine which of the following relations are equivalence relations. Find equivalence classes for
those who are.

a) forz,y € Z, x ~y < x+y is odd,

b) for x,y € Z, v ~y < xy is (i) even (ii) odd,

c)forx,ye N, x,y>1z~y<s ged(x,y) =1,

d)forz,yeN,z,y >1 2 ~y<& ged(x,y) > 1,

e) for w(z),u(x) € Rlz], w(x) =u(r) < u(zr) - w(zr) has an even degree,
f) for x,y € Z and forp e N, z ~, y < p |z +y. Consider (i) p=1, (ii) p = 2 (iii) p > 2,
g) for z,y € R, x ~y < 2 — y is of the form a + bv/2, where a,b € Q,

h) for A,BCZ, A~ B << A~ B is a finite set,

i)for ABCZ, A~B& AN B =1,

jlforzyeR z~ys|o—yl<],

k) for ABC X, A~B& AU-B=2X,

1) for AAB,CC X, A~B< ANBDC(,

m) for A, B C N, A ~ B < there exists a bijection f: A — B,

n) for a,b 0 — 1 sequences of length 100 a ~ b < [{i : a(i) = b(i)}| is even,
o) for (z,y)(z,t) € R? (x,y) ~ (2,t) & max(x,y) = max(z,t).

5.4 Let R be an equivalence relation. Is R~! equivalence relation too?

5.5 Let R and S be equivalence relations in a set X. Consider RU S, RN S and R\ S. Are they
equivalence relations? If so what the connection between equivalence classes of R, S and those of newly

defined relation? Is R x S an equivalent relation on X x X7

5.6 Show that for every partition 7 of the set X there exists an equivalence relation on X whose

equivalence classes are exactly elements of 7.
5.7 Let X = {[n;n+ 1) : n € Z}. Define an equivalence relation ~ such that R/ ~= X

5.8 Define an equivalence relation R in plane R? such that R?/R is the family of all circles with a center

in the origin.



